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stabilizing controllers always exist for the matched uncertain
linear systems that contain either norm- or entry-bounded
uncertainty matrices. The proposed robust stabilizing control
law can be determined easily from the symmetric positive-
definite solution of the augmented Riccati equation. In addi-
tion, the proposed approach is flexible in the sense that some
adjustable parameters (such as e, 7, and h, etc.) have been
introduced in the derivations to achieve the stabilization of
matched uncertain linear systems. Moreover, the proposed
method can be applied to unstable and/or nonminimum
phase-matched uncertain linear multivariable systems.
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= half the length of the tip mass
— tip mass diameter
= Young's modulus of elasticity
= beam height
= area moment of inertia of beam cross section
= mass moment of inertia of the beam about x = 0
= mass moment of inertia of the extended tip mass

about its center of gravity
= mass moment of inertia of the hub about center
= mass moment of inertia of tip mass about x = L
= length of the beam
= hub length
= beam length
= tip mass length
= beam mass
= tip mass
= period
= radius of tip mass
= torque applied to hub
= torque magnitude
= time
= transverse deflection of the beam
= coordinate along the undeflected beam
= hub angle of rotation
= mass density of the beam
= hub density
= tip mass density
= initial displacement distribution of the beam
= initial velocity distribution of the beam

Introduction

T HE influence of element flexibility on the motion of a
system is the subject of considerable current research.1'13

In this Note, a rotationally accelerated Bernoulli beam is
studied. Analytical expressions for beam tip displacement,
hub rotation angle, and beam flexure are obtained. A param-
eter analysis of natural frequencies is presented.

Mathematical Model
The system shown in Fig. 1 consists of a slender flexible

horizontal beam with a rectangular cross section that is at-
tached to a rotating cylindrical rigid body supported in a
cantilever fashion. A rigid-body tip is attached to the free end
of the beam. The beam rotates in a horizontal plane generat-
ing in-plane bending. The nondimensional form of the govern-
ing equations neglecting terms in the square of the angular
velocity are

Field equation:
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r? + *?" +« + 6)0 = 0, £€(0 ,1) d)

Boundary conditions:

17(0,7) = 0, 7?'(0,r) = 0

7/"(l,7) = -(A/a)K(l,T) + (6 + 1)0] - f[T/"(l,7) + 0]

l,r) + 0] + (l/a)K(l,r) + (6 + 1)8] (2)

Nomenclature
A = cross-sectional area of the beam
a = radius of the hub
b = beam thickness
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Initial conditions:

with

0 = eO?"

where
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(3)

(4)

= 3Ib/Ih, X = c/L, 6

AVM,, y = T0/(Ihct2)9

and where the dots above variables denote differentiation with
respect to T and the primes denote differentiation with respect
to?.

Solution to the Mathematical Model
The final form for the displacement is

£ DnVn

where w is the input frequency,

edri'Z (0) + 7] + A cosh/3£

C cos/3£ + D sin/3£

- C), tf (0) = (P(B - D) (6)

= Dln cosh/3,, £ + D2n sinhA,* + A* cos/3,, £ + shift,*

€j8i(Din - A*) - e6/33 (A« - !)]« + S)/A (7)

where

Bn=DnD2n, Cn=DnD3n

The A, are constants to be determined from the initial
conditions.

The angular rotation is

0(T) =

where

(8)

A"j = 7 + ej82(^l - C) - e603(B - D)

^2 = Dn[e02
n(Dln - An) - eWl(D2n - 1)]

The eigenvalues are found from the frequency equation

C![C4(Or - SP) - C3(NT - RP) + d(7VS - RO)]

- C2[ - C3(OT - SP) - C3(MT - QP) + C,(MS - OQ)]

+ C4[ - C3(Nr - RP) - C4(Mr - QP)

+ C,(M/? - QN)] + C2[ - C3(NS - RO)

- C4(MS - QO) + C3(MR - QN)] = 0 (9)

where

Ci = 1 + (€6//32), C2 = - (e62//3), C3 = - (e/^3)

C4 = 1 - (e5//32), M = ( - 1 + ai) cosh^S + a2 sinhjS

TV = ( - 1 + 0i) sinhjS + a2 coshjS, O = (1 + a\) cosjS - a2 si

p = (1 + a-i) sinjS + a2 cos/3, Q = (1 + a{) sinjS - a3 cosh/3

R = ( - 1 - a\) cosh/3 - 03 sinh/3

S = ( - 1 + ai) sin/3 - 03 cos/3, 7 = (1 - ai) cos/3 - a3 sin/3

with

The constants (A«> A«» and D3n) in Eq. (7) satisfy

C\n C2n C4w

C3n C4« C3n

Mn Nn On

Qn Rn Sn

Pn

Tn

(10)

n, andwhere Cln, C2w, C3w, C4w,Mn,N«, Ow,Pn, Qn,
are as before except with /3 = ]8W .

The eigenfunctions Fw(j,j8n) form a nonorthogonal set, and
so it is not possible to match a solution to a given initial
displacement and velocity distribution in the usual direct fash-
ion. In the particular case when e = 0, f = 0, and a = oo, they
are mutually orthogonal and coincide with those of a fixed
cantilever beam.

4- (shin/*,, + sin/*,,)
(cosh/*w

(11)

where Qn are normalizing constants and cosh pn cosjun = -1.
Using the cantilever eigenfunctions W), ({,/*«), one makes

the following expansions:

(12)

(13)

(14)

7 = 1

m = 1

The constants Dn(n = 1,2,. . .) are determined from the in-
finite set of linear algebraic equations

HS=FS+ s = (15)

where G^w) and Fn are all known.

Numerical Results
The golden section method and the method of false position

were both used. They yielded the nondimensional values
with accuracy 10" n and very close agreement with earlier
results.5'6-12 To obtain the frequency in rad/s, multiply the
square of the following numbers by a. With X = 0.0225,
6 = 0.05, e = 32.0851634, a = 0.4401257, f = 0.00182121, and
a = 4.43064468, the eigenvalues are 2.666914, 4.504509,
6.997543, 9.731420, 12.39665, and 15.07440. Results are
presented graphically in Figs. 2 and 3, where WO\ is the
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Fig. 2 First natural frequency vs r,c for the three tip mass cases.
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Fig. 3 First natural frequency ratio vs lt/h and Mt/Mb.

2.50 3.00

displacement vs time for the three tip mass cases.

natural frequency of the system with zero tip mass and W
represents w.

A dynamic parameter analysis was also performed. The
input torque is an approximation to a triangular wave,

8 1 27T 1 37T

The tip displacement is shown in Fig. 4. The initial displace-
ment distribution is

9(0) + 6edB
2e [6 - (a4a6/a7)]

C=-

with

= 24[1 + (I/a)], = 60[1 + (2X/<r)

= 6(1 + 6), - (2X/a)], 20[1 - 6f - (6X/a)]

The model properties are listed later for Fig. 4, which shows
the tip displacement vs time for three tip mass cases: M, = 0. 1 ,
0.5547, and 1.0 kg. Initial hub angle acceleration 0(0) = 0.01
rad/s2; torque amplitude T0 = 1.0 Nm, and frequency o>= 10.0
Hz. System properties listed coincide with Ref. 12. The tip
mass was varied, its radius always equaling half the tip mass
length.

Hub:

ph = 7750.4 kg/m3, Lh = 0.1 m, a = 0.5 m

Beam:

p = 2712.6 kg/m3, E = 71 x 1010 N/m2

LL = 1.0m, h= 0.003m, b = 0.03 m

Tip mass:

pt = 7750.4 kg/m3, Lt = 0.045 m, d = 0.045 m

M, =0.1kg:

X = 0.012711, a = 2.44134, f = 0.00010478

M, = 0.5547 kg:

X = 0.0225, a = 0.4401257, f = 0.00182121

M, = 1.0kg:

X = 0.027384, a = 0.244134, f = 0.0048634

with a = 4.43064468, y = 6.69487, d = 0.05, e = 32.08516 in
each case.

Discussion and Conclusions
A method that can be easily numerically implemented has

been presented for the analysis of a rotationajly accelerated
beam. The first six cantilever mode shapes and natural fre-
quencies were used in the computations. The numerical eigen-
values obtained coincide very closely with the limiting cases,
thus giving confidence that the eigenvalues obtained for the
entire system are accurate. The three-dimensional plot also
justifies the analysis; as the tip mass and tip inertias increase,
the frequency decreases as physically expectejl. Finally, as
Young's modulus was increased, it was seen that the forcing
term for the tip displacement converged to the rigid-body case.
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Guidance for Asteroid Rendezvous
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Introduction

THE use of electric propulsion at very low thrust levels
for different missions to asteroids and comets is a very at-

tractive option. Various aspects of the guidance and navi-
gation systems for these missions were studied previously.1'4

The rendezvous with a celestial object has a number of
phases: 1) cruise or transfer to the vicinity of the celestial
body, 2) approach, and 3) maneuvers near the celestial body.
This Note is concerned with the approach phase.

In Ref. 4, an onboard autonomous guidance system was
proposed based on a steerable platform carrying an imaging
system that points at the celestial body measuring the line-of-
sight (LOS) inertial rate and a laser system that is aligned with
the imaging system and measures the relative range to the cel-
estial body.

For a spacecraft with an autonomous onboard tracking
system, the relative velocity components along and normal to

the LOS as well as the relative range are the most adequate in-
puts for a guidance law. The use of LOS coordinates for the
guidance law was considered previously in Ref. 5, where the
commanded acceleration along the LOS was defined as a func-
tion of the square root range, and for the accelerations normal
to the LOS, two different cases were considered: 1) propor-
tional to the LOS rate as in proportional navigation6 or
2) proportional to the relative velocity normal to the LOS.

In this work, a guidance law in LOS coordinates, which is a
generalization of the exponential type of guidance studied in
Ref. 7, is considered for the rendezvous with an asteroid.

System Definition
Figure 1 depicts the in-plane rendezvous geometry, where S

is an active spacecraft able to apply a continuous thrust con-
trolled both in amplitude and direction, and A is a passive ob-
ject, a celestial body of small dimensions.

Spacecraft rendezvous maneuvers in the vicinity of the cel-
estial object will be considered. The duration of these maneu-
vers relative to the celestial body orbital period being
negligible, a constant rectilinear motion for the celestial body
will be assumed.

Using an inertial system of coordinates centered on A, the
relative equations of motion are defined by

R6 + 2R6 = ae

R - RB2 = ar

(1)

(2)

where R, R, and R are the relative SA range, range rate, and
range acceleration, respectively; 0 and 0 are the LOS angular
rate and acceleration; and ar and ae are the acceleration com-
ponents along and normal to the LOS acting on the S vehicle.

The use of autonomous guidance systems for interception is
widely known. One of the simplest—and probably the most
successful—of the guidance laws for interception is propor-
tional navigation, where the intercepting vehicle maneuvers
normal to the LOS are made proportional to its angular rate.
This assures that the LOS rate approaches zero for non-
maneuvering targets, a collision course is achieved, and a suc-
cessful interception is ensured.

While interception is the matching of the position vectors of
two vehicles, the rendezvous of two vehicles is the simultane-
ous matching of both their position and velocity vectors. The
use of the LOS rate, or possibly the relative velocity normal to
the LOS, is only part of the rendezvous problem, since the
relative velocity must be zero when the two vehicles meet. The
active vehicle acceleration then must include a component
along the LOS that reduces the relative closing velocity to zero
as the two vehicles approach one another.

A guidance rendezvous law of the form

(3)

(4)arc = c2R -
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Fig. 1 Relative geometry.


